Structures composed of functionally graded materials (FGM) can satisfy many rigorous requisitions in engineering application. In this paper, the nonlinear dynamics of a simply supported FGM conical panel with different forms of initial imperfections are investigated. The conical panel is subjected to the simple harmonic excitation along the radial direction and the parametric excitation in the meridian direction. The small initial geometric imperfection of the conical panel is expressed by the form of the Cosine functions. According to a power-law distribution, the effective material properties are assumed to be graded along the thickness direction. Based on the first-order shear deformation theory and von Karman type nonlinear geometric relationship, the nonlinear equations of motion are established by using the Hamilton principle. The nonlinear partial differential governing equations are truncated by Galerkin method to obtain the ordinary differential equations along the radial displacement. The effects of imperfection types, half-wave numbers of the imperfection, amplitudes of the imperfection, and damping on the dynamic behaviors are studied by numerical simulation. Maximum Lyapunov exponents, bifurcation diagrams, time histories, phase portraits, and Poincare maps are obtained to show the dynamic responses of the system.
Introduction
Structures composed of functionally graded materials (FGM) offer more potential advantages than conventional composites and can satisfy many rigorous requisitions in engineering application. Because of their continuous graded variation of material properties along one direction of the structures, functionally graded materials have drawn great attention. Especially when functionally graded materials structures are made from metal and ceramic materials, they will have heat resistance capacity and high tensile strength. The FGM is beneficial to achieve desirable mechanical properties by changing the volume fraction index. Conical panels with different initial curvatures and geometric parameters are usually found in kinds of engineering applications, such as turbine blade and aircraft fuselage. Conical panels are often subjected to the axial load, the transverse load, and the thermal stress, which cause the complex nonlinear dynamic behaviors of the system. But, nonlinear dynamic analysis of the functionally graded materials conical panels has been paid less attention and investigation in the current literature.
Much research has been focused on the static analysis of the FGM conical panel. Aghdam et al. [1] investigated the bending of functionally graded material conical panels with the moderately thick under the clamped boundary condition. The panel was subjected to uniform and nonuniform distributed load, respectively. Abediokhchi et al. [2] considered various boundary conditions and analyzed the bending of FGM conical panels under the transverse load. They used generalized differential quadrature method to study the deflection of the panel with different volume fractions and geometric parameters. Aghdam et al. [3] applied the extended Kantorovich method to gain the accurate solution for the bending of the moderately thick FGM sector plate with all edges clamped. Duc et al. [4] discussed the linear stability of functionally graded material conical panel subjected to the thermal and the mechanical loads on elastic foundations. The conical panel and the stiffeners were deformed in thermal 2 Shock and Vibration environments. Viola et al. [5] made a static analysis of FGM conical shells and panels.
Recently, the study on dynamics of the FGM conical panels has been given more attention. Most of investigations are focused on the free vibration and linear vibration of the FGM conical panels. Bardell et al. [6] performed experimental analysis of the sandwich conical panel and applied the finite element method to study vibration of the system. Tornabene and Viola [7] used the generalized differential quadrature method to study the dynamics of the moderately thick FGM parabolic panels and shells. Zhao and Liew [8] investigated free vibration of FGM conical panels by elementfree kp-Ritz method and analyzed the effect of geometrical and physical parameters on frequency characteristic. Akbari et al. [9] took account of the effects of parameters on natural frequencies and utilized generalized differential quadrature method to study free vibration of Levy type of FGM conical panels. Su et al. [10, 11] examined free vibration of FGM cylindrical, conical shells and annular plates by the RayleighRitz method. Xie et al. [12] explored a simple efficient solution for the free vibration analysis of functionally graded conical shells and annular plates. Tornabene [13] focused on the dynamic characters of the FGM conical, cylindrical shells, and annular plates.
Hafeez et al. [14] studied the buckling behavior of the geometric imperfect conical tanks subjected to the hydrostatic pressure. Maali et al. [15] discussed the buckling of simply supported thin conical panels with the imperfection. Zhao and Liew [16] gave a thermal-mechanical buckling analysis of FGM conical panels applying the element-free kp-Ritz method. Bich et al. [17] investigated the linear buckling of FGM conical panel subjected to the axial and the external pressure. Javanbakht et al. [18] solved the dynamic equations for the simply supported FGM shallow and nonshallow shell by Galerkin and Newmark method.
It is well known that functionally graded materials are usually produced at the high temperature and are cooled with different methods. Thus, the initial geometric imperfections often occur in the FGM structures [19, 20] . There are many studies on the buckling and the vibration analysis of the FGM plates and shells with geometrical imperfections. Huang and Han [21] studied the buckling behaviors of the imperfect functionally graded cylindrical shells under the axial compression. Sofiyev [22] analyzed the nonlinear prebuckling deformations and the initial imperfections, the nonlinear buckling of the functionally graded truncated conical shells subjected to an axial compressive excitation. Shariyat and Asgari [23] examined the nonlinear thermal buckling and postbuckling behaviors of the imperfect variable thickness cylindrical functionally graded shells. Samsam Shariat and Eslami [24] analyzed the thermal buckling of the imperfect rectangular functionally graded plates. Yang and Huang [25] investigated the nonlinear transient response for the simple supported imperfect functionally graded plates subjected to the thermal stress. Kitipornchai et al. [26] analyzed nonlinear vibration of laminated FGM plate with imperfection. Duc and Quan [27] took advantage of the Bubnov-Galerkin method to canvass the nonlinear response of the eccentrically stiffened functionally graded material cylindrical panels subjected to the mechanical loads. Liu et al. [28] investigated nonlinear vibration of the imperfect FGM cylindrical shells under the in-plane excitation and the transverse excitation.
However, few studies have been carried out on the dynamics of the functionally graded material conical panel with the initial imperfection. This paper is based on the work of our previous conference paper [29] . In this paper, the nonlinear dynamics of a simply supported FGM conical panel with different forms of the initial imperfections are investigated. The conical panel is subjected to the simple harmonic excitation along the radial direction and the parametric excitation in the meridian direction. The small initial geometric imperfection of the conical panel is expressed by the form of the Cosine functions. According to a powerlaw distribution, the effective material properties are assumed to be graded along the thickness direction. Based on the first-order shear deformation theory and von Karman type nonlinear geometric relationship, the nonlinear equations of motion are established by using the Hamilton principle. The nonlinear partial differential governing equations are truncated by Galerkin method to obtain the ordinary differential equations along the radial displacement. The effects of imperfection types, half-wave numbers of the imperfection, amplitudes of the imperfection, and damping on the dynamic behaviors are studied by numerical simulation. Maximum Lyapunov exponents, bifurcation diagrams, time histories, phase portraits, and Poincare maps are obtained to show the dynamic responses.
Formulation

The Model of the Imperfect FGM Conical Panel.
A ceramic-metal FGM conical panel with initial geometric imperfection is considered, which has semivertex angle , subtended angle , slanted length , thickness ℎ, and the radii 1 and 2 at the two ends, as shown in Figure 1 . The curvilinear coordinate system ( , , ) is located on the midsurface of the conical panel, which is along the meridional, circumferential, and radial directions, respectively. It is assumed that the conical panel is subjected to the radial excitation ( , ) cos Ω 1 and the in-plane parametric excitation 0 + 1 cos(Ω 2 ) at = 0 and = , respectively. Since any cyclical loading can be expressed as the series of simple harmonic series, a geometric imperfection shape of the conical panel in the radial direction is defined by * and it can be expressed as follows [25, 26] 
where ℎ indicates the amplitude of imperfection, 1 and 2 are half-wave numbers of the imperfection in the and axes, respectively, * = ℎ sin( 1 / ) sin( 2 / ) represents the imperfection including both the and axes, and * = ℎ sin( 1 / ) is the imperfection only in axes. When the semivertex angle is = 0 and the radii at the two ends are 1 = 2 = ∞, the conical panel is simplified as a rectangle plate. Figure 2 shows the imperfection types of the structure investigated in this paper. Figure 2 (a) describes the imperfection type of the structure, which is expressed by 0.1ℎ sin( / ) sin(2 / ). The material properties are assumed to be varied continuously and smoothly in the thickness direction according to the power-law distribution. The volume fraction of the ceramic and the metal can be written as follows:
where is the volume fraction index and subscripts and represent the ceramic and the metal, respectively. 
The properties of the temperature dependent on materials are expressed by [30] 
where 0 , −1 , 1 , 2 , and 3 are the coefficients of the temperature expressed in the form of Kelvin, and these coefficients are different for the different constituent materials.
Displacement and Constitutive Equations.
Generally, dynamic response of the conical panel can be expressed in terms of displacements. According to first-order shear deformation theory, the displacement field of the imperfect FGM conical panel is assumed to be
where ( 0 , V 0 , 0 ) is the displacement of an arbitrary point on the middle surface of the conical panel in the coordinate system ( , , ), is the rotation of the transverse normal about the -axis, and denotes the rotation of the transverse normal about the -axis.
According to the theory of von Karman large deformation, the relationships between strains and displacements are defined as follows:
(1)
where
The constitutive relations of the imperfect FGM conical panel considering the thermal stress are given by 
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2.3. Governing Equations. According to Hamilton's principle, the partial differential equation of motion can be derived as follows:
, +
, The stress resultants and the moment resultant can be rewritten by
where is the shear correction factor, and the shear correction factor is chosen as 5/6. Thermal stress and moment resultants are expressed as follows:
The extensional stiffness , the bending-extensional coupling stiffness , and the bending stiffness of the imperfect FGM conical panel are calculated by
In addition, the mass inertia terms are defined as follows:
Using the above equations, the nonlinear equations of motion in terms of generalized displacements can be obtained in the Appendix.
For the imperfect FGM conical panel, the simple supported boundary conditions are considered and expressed by
0 , V 0 , 0 , , and of the FGM conical panel can be represented in the form of double Fourier series as follows:
where is axial half waves number and is circumferential waves number. In this paper, the first two modes of transverse nonlinear oscillations are mainly considered. According to studies given by Nosier and Reddy [31] and Bhimaraddi [32] , nonlinear radial vibration of the imperfect FGM conical panel occupies main aspect of dynamical characteristics. It is reasonable that all the inertia terms in in-plane and rotations in nonlinear equations of motion given in the Appendix can be ignored since their influences are small compared to the radial inertia term. Substituting double Fourier series of (16) into (A.1), (A.2), (A.4), and (A.5), Galerkin integration procedure is utilized to acquire four constant coefficients coupled algebraic equations. Then, we can derive the displacements 0 , V 0 , , and with respect to the displacement 0 . Consequently, substituting the expressions about 0 , V 0 , , and into the ordinary differential equation obtained from (A.3), one can get nonlinear ordinary differential equations of this system in terms of radial displacements.
It is known that vibration of the first two modes for the system plays an important role during vibration. Amplitudes of the first two modes are the largest. Based on the results of convergence studies which have been done by the author and coworkers [33] , it is reasonable for us to focus on radial nonlinear vibration of the imperfect FGM conical panel in the first two modes mainlÿ 
where 1 and 2 represent the damping effects and 1 and 2 are the constants. The imperfection of FGM conical panel will change parameters, such as coefficients of the monomial and cubic stiffness terms, and parameters of constant terms.
Numerical Results
We choose the nonlinear ordinary differential equation (17) to conduct numerical simulations. A numerical approach through the computer software Matlab is utilized to explore complicated dynamic behaviors of the imperfect FGM conical panel. The Runge-Kutta algorithm and the Poincare map theory are used to construct numerical results of bifurcation diagrams. For the periodic motion, Poincare map consists of several separate points. For the chaotic motion, Poincare map consists of a number of points on the limited Poincare section. The periodic response and the chaotic response can be identified by several conventional criteria such as maximum Lyapunov exponents, time histories, phase portraits, and Poincare maps.
The FGM conical panel is composed of two materials, which are the steel (SUS304) and the silicon nitride (Si 3 N 4 ) . The geometric parameters of the FGM conical panel are given as follows, where the slanted length is = 2 m, the thickness is ℎ = 0.002 m, the semivertex angle is = 30 ∘ , the subtended angle is = 60 ∘ , and the radius at the top end is 1 = 0.5 m. Table 1 Since there are few literatures focused on the study of FGM conical panels in the thermal environment, especially taking into account the geometric imperfection, cylindrical panels are considered to validate the method. For this purpose, according to the Rayleigh-Ritz method, the dimensionless fundamental frequency = ( 2 /ℎ)√ 0m / 0m is compared with the results from Shen and Wang [34] and Jooybar et al. [35] for the simply supported cylindrical panel with the geometric parameters as ℎ = 0.001 m, / = 1, /ℎ = 20, and = 180 ∘ / , respectively. It is apparent from Table 2 that the present results are in good agreement with literatures and further verify the present approach.
Effect of Imperfection Types on Nonlinear Dynamics of the Structure.
Based on (17) , nonlinear dynamic analysis of the FGM conical panel with different imperfection types is investigated. Figure 3 illustrates the complicated dynamic behaviors of the conical panel without the imperfection when the in-plane excitation 1 increases. It is found from Figure 3 that the motion of the system changes from the periodic motion to the chaotic motion. Figure 3(a) describes the bifurcation of transverse vibration for the first mode when the in-plane excitation increases from 2.50 × 10 7 N/m 2 to 3.50 × 10 7 N/m 2 . Figure 3(b) demonstrates the bifurcation of transverse vibration for the second mode when the parameters are selected the same as in Figure 3(a) . Figure 3(c) is the three-dimensional bifurcation diagram of the first mode. Figure 3(d) represents the maximum Lyapunov exponent when parameters are chosen the same as the bifurcation diagrams. It is observed from Figure 3 that when the in-plane excitation is increased to 1 = 3.11 × 10 7 N/m 2 , the motion of the FGM conical panel changes from the periodic motion to the chaotic motion. It can be known that the negative and positive Lyapunov exponents represent the periodic and chaotic motions, respectively. Figure 4 shows the dynamic behavior of the FGM conical panel with the imperfection when the imperfection type is described by the form of * = 0.1ℎ sin( / ) sin(2 / ). With the increase of the in-plane excitation, the motion law of the system is as follows: periodic motion → chaotic motion.
It can be seen from Figure 4 that the chaotic motion occurs in the system when the in-plane excitation is selected as 1 = 3.10 × 10 7 N/m 2 . Figure 5 illustrates the periodic motion of the FGM conical panel with the imperfection when the inplane excitation is chosen as 1 = 3.00 × 10 7 N/m 2 , and other parameters are the same as in Figure 4 . Figure 5 (a) denotes the phase portrait on the plane ( 1 ,̇1) for the first mode. ( 1 ,̇1) for the first mode. It can be seen from Figure 5 (f) that Poincare map consists of only one point and the system appears to be in periodic motion. Figure 6 describes the chaotic motion of the system when the in-plane excitation is selected as 1 = 3.30×10 7 N/m 2 , and other parameters are the same as in Figure 4 . It can be observed from Figure 6 (f) that Poincare map consists of a number of points on the limited Poincare section, and the system appears to be in chaotic motion. Figure 7 shows the dynamic behavior of the FGM conical panel with the imperfection in the form of * = 0.1ℎ sin( / ) when half-wave number 1 is chosen as 1 = 1. It can be found from Figure 7 that the chaotic motion occurs in the system when the in-plane excitation is selected as 1 = 2.70 × 10 7 N/m 2 . Comparing with Figures 3, 4 , and 7, it can be seen that the similar nonlinear dynamic behaviors occur in the system. But, the imperfection types of the FGM conical panel have an important effect on the periodic motion and the chaotic motion regions. When the imperfection type of the conical panel is chosen as * = 0.1ℎ sin( / ), the chaotic motion is easier to appear in the system and the region of the chaotic motion is much wider, while the region of the chaotic motion for the FGM conical panel without the imperfection is much narrower. Based on the above analysis, it is found that the imperfection of the FGM conical panel influences characteristic of dynamics in the system. when the half-wave number of imperfection increases. This is the reason why the increases of half-wave number can improve the stiffness of the system.
Effect of Half-Wave Numbers of Imperfection on Nonlinear
Effect of Amplitudes of Imperfection on Nonlinear Dynamics of the Structure.
Nonlinear dynamic analysis of the FGM conical panel with different amplitudes of the imperfection in the form of * = ℎ sin(3 / ) is discussed. Figure 10 shows the complicated nonlinear behaviors of the FGM conical panel when the amplitude of the imperfection is selected as 0.2. It is observed from Figure 10 that the chaotic motion appears in the system when the in-plane excitation is increased to 1 = 2.90 × 10 7 N/m 2 , and other parameters are the same as in Figure 9 . When the amplitude of the imperfection is chosen as 0.3, bifurcation and maximum Lyapunov exponent diagrams are given, as shown in Figure 11 . It is very obvious that the chaotic motion occurs in the system when the in-plane excitation becomes larger to be 1 = 2.80 × 10 7 N/m 2 . Comparing with Figures 9-11 , it can be seen that the chaotic motion is easier to occur under the larger amplitude of the imperfection for the FGM conical panel. When the amplitude of the imperfection becomes smaller, characteristic of the dynamical behavior in the system usually presents the periodic motion. This is the reason that the more powerful the amplitude of the imperfection becomes, the greater the deformation that the FGM conical panel produces is, which makes the system cause the larger amplitude of vibration.
Effect of Damping on Nonlinear Dynamics of the Structure.
The influence of damping on the nonlinear dynamics of the FGM conical panel is depicted in Figure 12 when the imperfection in the form of 0.1ℎ sin(3 / ) is given. In this case, the in-plane excitation is selected as 1 = 3.30 × 10 7 N/m 2 , and other parameters are the same as in Figure 9 . It is obvious that, with the increase of the damping, dynamic responses of the system present the following evolution law: the system begins to enter into the region of the chaotic motion and then the periodic motion appears. It can be seen from Figure 12 that the periodic motion appears when the damping is increased to = 100 N⋅s/m, where = 1 = 2 . Based on the above analysis, it is found that the damping can significantly affect the nonlinear dynamic behaviors of the imperfect FGM conical panel.
Conclusions
Based on the first-order shear deformation theory and von Karman type nonlinear geometric relationship, the nonlinear equations of motion for the FGM conical panel are established by using the Hamilton principle. The nonlinear partial differential governing equations are truncated by Galerkin method to obtain the ordinary differential equations along the radial displacement. The effects of imperfection types, half-wave numbers of the imperfection, amplitudes of the imperfection, and damping for the FGM conical panel are given. Bifurcation diagrams, maximum Lyapunov exponents, phase portraits, time histories, and Poincare maps are presented to demonstrate the complicated nonlinear dynamic behaviors of the FGM conical panel. The following conclusions can be drawn:
(1) Compared with the FGM conical panel without the imperfection, the FGM conical panel with the imperfection is easier to show the chaotic motion and the region of the chaotic motion is much wider. The system is sensitive to the imperfection types, and the imperfection types of the FGM conical panel influence characteristic of dynamics in the system. (2) With the increase of half-wave numbers of the imperfection, the chaotic motion appears under the larger in-plane excitation. This is the reason why the increase of half-wave numbers can improve the stiffness of the system. (3) With the increase of amplitudes of the imperfection, the chaotic motion is easier to occur. This is the reason why the more powerful the amplitude of the imperfection becomes, the greater the deformation that the FGM conical panel produces is, which makes the system cause the larger amplitude of vibration. (4) Analysis results show that the damping significantly affects the nonlinear dynamic behaviors of the imperfect FGM conical panel.
Appendix
Nonlinear equations of motion for the FGM conical panel with the imperfection are as follows: (A.5)
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